This paper is concerned with nonautonomous second-order Hamiltonian systems with nondifferentiable potentials. By using the nonsmooth critical point theory for locally Lipschitz functionals, we obtain some new existence results for the periodic solutions.
Introduction and main results
In this paper we consider the following second-order differential inclusions systems:
ü(t) + A(t)u(t) ∈ ∂F(t, u(t)) a.e. t ∈ [, T], u() -u(T) =u() -u(T) = , () where T > , A(t) is a continuous symmetric matrix of order N and F : [, T] × R N → R is locally Lipschitz continuous in x and ∂F(t, x) denotes the Clarke subdifferential of F for x.
There have been a lot of contributions on problem (); see, for example, [-] and the references therein. When F(t, x) is continuously differentiable in x, problem () becomes the second-order Hamiltonian system
ü(t) + A(t)u(t) = ∇F(t, u(t)) a.e. t ∈ [, T], u() -u(T) =u() -u(T) = . ()
The smooth system () has also been studied in the past decades and many excellent results appeared; see [, ] . In those works, the following assumption is necessary:
Throughout this paper, we always suppose that F : [, T] × R N → R satisfies the following assumption: 
Definition . We call u ∈ H
 T a weak solution of () if the following inequality holds:
where F  (t, x; y) denotes the generalized directional derivative of F at x along the direction y.
The main results of this paper are as follows.
Theorem . Suppose F(t, x) satisfies (A ) and the following conditions:
Then problem () possesses at least one weak solution.
Theorem . Suppose F(t, x) satisfies (A ), (i  ) above and the following conditions:
for all x ∈ R N and a.e. t ∈ [, T].
The method in our paper is based on the nonsmooth least action principle and saddle point theorem initiated by Chang 
By comparison, the first two assumptions are strengthened to (i  ) and (i  ), but the third one is not necessarily needed in the present paper.
Remark . If F(t, x)
is measurable in t for every x ∈ R N and continuously differentiable in x for a.e. t ∈ [, T], the inequality () becomes
Meanwhile, the above inequality () takes the form Example . Let
. Then F satisfies the conditions of Theorem ., but it is not covered by the results of [, , , ].
Basic definitions and preliminary results
Let (X, · ) be a real Banach space. We denote by X * the dual space of X, while ·, · stands for the duality pairing between X and X * . A functional h : X → R is called locally
If u, v ∈ X, we write h  (u; v) for the generalized directional derivative of h at the point u
It is well known that h  is upper semicontinuous on X × X (see [] , Proposition ..).
For locally Lipschitz continuous functionals h
The generalized gradient of the function h in u, denoted by ∂h(u), is the set defined by
Proposition .. of [] ensures that ∂h(u) turns out nonempty, convex, weak * compact, thus the function λ(x) = min w∈∂h(x) w X * exists and is lower semicontinuous, i.e.,
A point u ∈ X is said to be a critical point of h if
We say the locally Lipschitz functional h satisfies the nonsmooth (PS) condition if any sequence {x n } in X such that {h(x n )} is bounded and λ(x n ) →  possesses a convergent subsequence.
For more details, we can refer to [-]. To prove Theorem . and Theorem . in the next section, first we state the following well-known results. 
Then f has a critical point.
Lemma . ([], Lemma ) Suppose that E is a measurable subset of [, T] and G(t, x) is continuous in x for a.e. t ∈ E. Assume that G(t, x) → -∞ as |x| → ∞
for a.e. t ∈ E. Then for every δ >  there exists a subset E δ of E with meas(E/E δ ) < δ such that 
Proof of theorems
Then the following inequalities hold:
where C >  is a constant and
It is easy to verify that they are locally Lipschitz continuous on H  T , so it makes sense to consider their generalized directional derivatives ϕ  and ψ  :
Moreover, by [], Theorem .., one has
A(t)u(t), v(t) dt
Thus, the critical points of ϕ correspond to the solutions of problem ().
In the same time, there exists q  (t) ∈ ∂F(t, u) such that for all v ∈ H
it follows easily that q  (t) =ü(t) a.e. t ∈ [, T], thus
u(t) + A(t)u(t) ∈ ∂F t, u(t) a.e. on [, T],
so that u satisfies the system () too.
Define the subspaces of H
It is easy to verify that W -is finite-dimensional and there exists δ >  such that
Lemma . Suppose that () and () hold. Assume that u n = v n + w n , v n ∈ V , w n ∈ W satisfying u n → ∞ (n → ∞) and lim sup n→∞
Proof As the proof of Lemma  in [], for every β > , there exists m β >  such that
By () and Lemma ., there exists subset E δ of E with meas(E \ E δ ) < δ such that
uniformly for all t ∈ E δ . Hence,
for δ and β small enough.
By (), for every η > , there exists an M >  such that
for all |x| ≥ M and a.e. t ∈ E δ . Furthermore, it follows from () that
for all x ∈ R N , a.e. t ∈ E δ and some γ  (t) = M α (η + γ (t)).
From () we obtain
By () and () we have
Since u n → ∞ (n → ∞) and lim sup n→∞ w n u n α < +∞, by a simple computation we obtain v n → ∞ as n → ∞, and V = {}.
Hence, one has
by the arbitrariness of η. By (), (), and Lemma ., there exist s ∈ [, ] and ξ n ∈ ∂F(t, v n + sw n ) such that
for all n. Since lim sup n→∞ w n u n α < +∞, one has
It follows from () that
Hence we obtain
as n → ∞, which completes the proof.
Lemma . Under the conditions (), () and (), ϕ satisfies the nonsmooth (PS) condition.
Proof Let {u n } be a sequence in
, then there exists some integer n  such that for each n ≥ n  , we have
Firstly, we show that {u n } is bounded. If {u n } is unbounded, without loss of generality we may assume that u n → ∞ as n → ∞. Split u n = v n + w n = v n + w
It follows from () and () that
+ n for all n. Hence,
which implies that lim sup n→∞ w + n u n α < +∞. In a similar way
n for all n. Thus one obtains
This By the boundedness of ϕ(u n ) and the continuity of A(·), there exists a constant C  ≥  such that 
On the other hand,
where q n (t) ∈ ∂F(t, u n (t)) and q(t) ∈ ∂F(t, u(t)). From a simple computation we obtain 
for all n. Hence we obtain
A(t)u(t), u(t) dt
+ T  F t, u(t) dt ≥   T  u(t)  dt -   T 
+ T  F(t, ) dt - T  F t, u(t) dt - T  F(t, ) dt ≥   δ u  -C α+ f L  u α+ -C g L  u + T 
F(t, ) dt
for all u ∈ W + . Since α ∈ [, ), it is clear that () holds.
Secondly we show that
Arguing by contradiction, assume that there exist M ∈ R and a sequence {u n } ⊂ W -⊕ V such that u n → ∞ as n → ∞ and
for all n. Write u n = v n + w 
